We derive the velocity profiles in strongly turbulent Taylor-Couette flow for the general case of independently rotating cylinders. The theory is based on the NavierStokes equations in the appropriate (cylinder) geometry. In particular, we derive the axial and the angular velocity profiles as functions of distance from the cylinder walls and find that both follow a logarithmic profile, with downwards-bending curvature corrections, which are more pronounced for the angular velocity profile as compared to the axial velocity profile, and which strongly increase with decreasing ratio η between inner and outer cylinder radius. In contrast, the azimuthal velocity does not follow a log-law. We then compare the angular and azimuthal velocity profiles with the recently measured profiles in the ultimate state of (very) large Taylor numbers.
I. INTRODUCTION
Having measured, analyzed, and discussed the global properties of the Rayleigh-Bénard (RB) (cf. [1, 2] ) and of the Taylor-Couette (TC) [3] [4] [5] devices, the two paradigmatic systems of fluid mechanics, which realize strongly turbulent laboratory flow, there is increasing interest in the local properties of these flows, e. g. in their flow profiles. In the ultimate state of RB thermal convection logarithmic profiles have been measured [6] [7] [8] [9] [10] and calculated from the Navier-Stokes-equations [11] .
In Taylor-Couette flow between independently rotating cylinders one can get considerably deeper into the ultimate range than in RB flow, cf. [5] , due to the better efficiency of mechanical driving as compared to thermal one. In this ultimate TC flow regime, i. e.,
for very large Taylor numbers T a 5 · 10 8 [12] , the profiles of the azimuthal velocity have recently been measured [13] within the Twente Turbulent Taylor-Couette (T 3 C) facility [14] .
In figure 1a we reproduce the mean azimuthal velocity profile at the inner cylinder for two large T a numbers. In ref. [13] it was argued that the flow profiles roughly follow the von Kármán law [15] for wall distances ρ much larger than in the viscous sublayer and much smaller than half of the gap, whose width is d = r o − r i . Indeed, as seen from figure 1a, for the T a = 6.2 · 10 12 case and for log 10 ρ + ≈ 2.5 -two orders of magnitude smaller than the outer length scale which is the half width d/2 of the gap -the azimuthal velocity profile U ϕ (r) after proper shifting seems to be possibly consistent with a log-law,
over a small range, but for larger wall distances ρ + the curve bends down towards smaller values. This behavior is pronouncedly different from the standard pipe flow case [15] [16] [17] [18] [19] , for which the profiles first bend up before they bend down towards the center of the flow. In equation (1) the azimuthal velocity and the distance ρ from the wall have been presented in the usual wall units u * i and δ * i = ν/u * i , marked with the usual superscript + and to be exactly defined later. In figure 1a we also show the angular velocity profiles ω + (ρ + ) in the respective wall unit, resulting from the mean angular velocity Ω(r) = U ϕ (r)/r. Both the azimuthal velocity profile u + (ρ + ) as well as the angular velocity profile ω + (ρ + ) are shifted so that they are zero at the inner cylinder and then have positive slope. Also ω + (ρ + ) is normalized with wall units, i.e.,
with ω * i = u * i /r i . In the regime of the log-law ω + (ρ + ) is nearly indistinguishable from the azimuthal velocity itself (see figure 1), since ρ/r i 1, but note that obviously not both u + (ρ + ) and ω + (ρ + ) can follow a log-law, due to the extra ρ-dependent factor in between them and the extra additive term. It is the last term in equation (2) which brings the ω + profile above the u + profile with increasing ρ/r i , because ω i r i /u * i will turn out to be significantly larger than one, e.g., it varies from 40 to 54 for Ta from 6 ×10 10 to 6 ×10 12 .
One can calculate the difference between ω + and u + by adding and subtracting properly in the first term of eq. (2) and finds
The first factor will turn out to be (see table II, for T a = 6 × 10 12 ) between 54 near the wall and about 21.6 at midgap (see Figure 2 in Huisman et al. [13] ); the second factor varies between 0 at the cylinder and (1 − η)/(1 + η), thus 0.166 for T 3 C [14] at midgap. For the difference (3) this gives an increase between 0 and about 3.6, which can be observed in Figure 1 (and also in Figure 2 ) and explains the increasing separation between ω + and u + .
Note that ω + is much nearer to the log-law than u + is.
The best way to test how well data follow a particular law is to introduce compensated plots, as has also been done for structure functions [20] and for RB global scaling laws such as Nu or Re vs Rayleigh number Ra. Here, to test how well the data follow eq.
(1), rather than plotting u + vs log 10 ρ + as done in fig. 1a , we plot the compensated slope ρ + du + /dρ + of the profile, see fig. 1b . If an exact log-law would hold exactly, this should be a constant 
for two Taylor numbers T a = 6.2 · 10 12 and T a = 3.8 · 10 11 as measured in ref.
[13], for fixed height. In these units the profiles for various T a collapse for small wall distances ρ + in the viscous sublayer. To calculate the derivatives shown in (b) the data of ref. [13] (or of (a)) have been fitted with a 5th order polynomial for smoothening. Also shown as a straight dashed line is the von Kármán log-law κ −1 ln ρ + + B, with the von Kármán constant κ = 0.4 and the offset B = 5.2 [13] . In addition, we show the two angular velocity profiles ω + (ρ + ) resulting from the azimuthal velocity profiles, which obviously nearly overlap with u + (ρ + ) for small wall distances ρ + , but for larger ρ + closer to the center range of the gap bend down less strongly. The data all extend to mid gap d + /2. (b) The compensated slopes ρ + du + /dρ + and ρ + dω + /dρ + of the azimuthal and angular velocity profiles, respectively, vs log 10 ρ + for the same curves as in figure (a).
horizontal line. From the figure we see that this does not hold, neither for the azimuthal velocity u + , nor for the angular velocity ω + . There is only a broader maximum between log 10 ρ + ≈ 2.0 and 2.3 (depending on T a), i.e., at a scale roughly two order of magnitude larger than the inner length scale and two orders of magnitude smaller than the outer length scale.
Clearly, these data ask for a theoretical interpretation and explanation from the Navier-Stokes equations. For strongly driven RB flow such an explanation for the corresponding temperature profiles, which also show a logarithmic profile [6] , has already been offered previously in [11] . In the present paper we shall derive the velocity profiles for strongly driven TC flow from the Navier-Stokes equations in the very same spirit and discuss their physics and features. In particular, we will check whether the experimentally observed down-bending of the azimuthal velocity profiles (and also of the angular velocity profiles)
can be understood as a curvature effect, caused by the curvature of the wall, i.e., of the inner cylinder. We will find that the profiles following from our theoretical approach indeed bend down, but weaker than experimentally found. Therefore the strong down-bending experimentally found in ref. [13] must have additional reasons.
We start in the next section (II) by summarizing the Navier-Stokes based approach for the derivation of the profiles in cylinder coordinates. We then in section III shall derive and study the profile of the axial component u z versus wall distance ρ = r−r i or ρ = r o −r. Here r i,o are the inner and outer cylinder radii, respectively. We analyze the axial component at first, since we consider this -together with u r -as the representative of the so-called "wind", responsible for the transport of the angular velocity ω = u ϕ /r, whose difference ω i −ω o between the inner and outer cylinders drives the Taylor-Couette turbulence. Unfortunately, experimental data for the wind profile are not yet available, in contrast to the above mentioned measurements of the azimuthal component [13] . Next, in section IV, the mean azimuthal velocity profile U ϕ (ρ) or rather the mean angular velocity profile Ω(ρ) = U ϕ (ρ)/r versus ρ is derived from the respective Navier-Stokes equation. Analogously to the temperature field in RB flow here in TC the angular velocity field ω is transported by the wind and by its fluctuations u * i at the inner or u * o at the outer cylinder, originating from the respective (kinetic) wall stress tensor element σ rz . In section V we extend the comparison with the experimental data of ref. [13] and then close with some concluding remarks in section VI.
By detailed comparison of TC with RB flow we identify in this section the relevant quantities to calculate (and useful to measure). The theory has, of course, to be based on the Navier-Stokes equations for the three velocity components and the (kinetic) pressure field p (equal to the physical pressure divided by the fixed density ρ f luid of the fluid). We repeat them here in the appropriate (cylinder) coordinates for the readers' convenience (cf.
[21]):
In addition, incompressibility is assumed. As usual the velocity fields are decomposed into their long-time means and their fluctuations, whose correlations give rise to the Reynolds stresses, which will be modeled appropriately. We shall apply the well known mixing length ansatz [15, 21] and introduce turbulent viscosity and turbulent angular-momentumdiffusivity. All this then will lead to the respective profile equations.
There are two basic differences between RB and TC flow. First, in contrast to RB, which is thermally driven by a temperature difference ∆ = T b − T t between the bottom and top plate temperatures T b,t , leading to a vertical temperature and a horizontal velocity (wind) profile, in TC flow there is a velocity (vector) field u( x, t) only. This is driven by a torque input due to different rotation frequencies ω i and ω o of the inner and outer cylinders. Second, TC-flow can be compared to non-Oberbeck-Boussinesq-(NOB)-flow (the more "NOBness", the smaller η = r i /r o ), because its inner and outer boundary layers (BLs) have different profile slopes and thus BL-widths, as shown in [22] (which we henceforth cite as EGL). It is
This does not require different physical parameters as for NOB effects in RB, for which the NOBness originates from the temperature dependence of the fluid properties, e.g. the kinematic viscosity. In TC the kinematic viscosity ν is the same in both BLs; it is the boundary conditions which are different in TC, in particular the different wall curvatures at the inner and outer cylinders, leading to different profile slopes.
The three velocity components in TC flow (instead of the velocity and temperature fields in RB flow) are subdivided into (a) the two components u r and u z , known as the perpendicular components, and (b) the longitudinal component u ϕ or angular velocity ω = u ϕ /r.
The former ones correspond to the convection or transport flow, the so-called "wind" field, the latter one to the thermal field in RB. This interpretation is based on the expression for the angular velocity current J ω and the corresponding TC-Nusselt number N ω , which in TC play the role of the thermal current J and Nusselt number N u in RB flow. In EGL [22] we have shown that
is r-independent and defines the (dimensionless) angular velocity current
Here J ω lam denotes the analytically known angular momentum current in the laminar flow state of small Taylor number TC flow, see EGL [22] , eq.(3.11). The non-dimensional torque is
which is related to the physical torque T by T = 2π ρ f luid ν 2 G = 2π ρ f luid J ω . The relation to the (r, ϕ)-component of the stress tensor is (e.g. at the inner cylinder)
(For all this we refer to EGL [22] .) As TC flow is considered to be incompressible, we can always use the kinematic quantities and equations, i.e., after dividing by ρ f luid , which then plays no explicit role anymore. In particular, we henceforth always use the kinetic stress tensor σ ij .
The global transport properties depend on ω i and ω o in form of the Taylor number, which we define as
Here r a = (r i + r o )/2 is the arithmetic mean of the two cylinder radii and r g = √ r i r o their geometric mean; d = r o − r i is the gap width between the cylinders. In case of resting outer cylinder we in particular have
The inner cylinder Reynolds number is given by
Here η is the radius ratio η ≡ r i /r o ∈ (0, 1) as usual. With respect to the coordinates we note the following correspondence between those for the top and bottom plates in RB samples as compared to the curved TC cylinder coordinates: It corresponds x in RB ↔ z in TC, stream wise direction; z in RB ↔ r in TC, wall normal direction; and y in RB ↔ ϕ in TC, lateral direction.
While the angular velocity ω = u ϕ /r in TC corresponds to the temperature field in RB, as already explained by EGL [22] , the transport flow or convection field, known as the 
III. THE WIND PROFILE
Using the correspondences just described we have to study the axial component's timemean U z as a function of inner cylinder wall distance ρ = r − r i in order to derive and understand the profile of the wind field near the inner cylinder. Time averaging the zequation (5) we have ∂ t= 0, ∂ ϕ= 0, and in the assumed approximation no height dependence
There also is no axial pressure drop, i.e., ∂ z p = 0. With all this the viscous term of (5) is ν 1 r ∂ r r∂ r U z (r). The nonlinear terms (with the continuity equation) can be rewritten as
∂ r (ru r u z t ). Putting both contributions together, the Navier-Stokes equation for the wind profile reduces to
As there are no Reynolds stress contributions at the cylinder walls, we find
which defines the wind fluctuation scales u * (z,i),(z,o) in terms of the inner and outer cylinder kinetic wall stress tensor component σ rz (r i,o ) ≡ ν∂ r U z (r i,o ) (cf. [21] , Sect. 16). Note that from eq. (14) it follows that the wind fluctuation amplitudes are different at the two cylinders: Thus for determining the wind profile an ansatz is needed for it. The Reynolds stress is, of course, responsible for the turbulent viscosity in the convective transport. We assume that the mixing length idea can be used for TC flow, too, and write
We furthermore assume the validity of the mixing length modeling for the turbulent viscosity ν turb (r), considering it as depending on the wall distance as the characteristic length scale and the velocity fluctuation amplitude as the characteristic velocity scale,
respectively. Here K Let us now, for simplicity, concentrate on the inner cylinder; the respective outer cylinder formulas are straightforward then. With the said ansatz the wind profile is determined by
The relevant length scale is the distance ρ = r−r i ≥ 0 from the cylinder wall, i. e., r = r i +ρ.
Defining the characteristic viscous wall distance(s)
at which ν turb (r) is of the order of the molecular viscosity ν, we can introduce wall units as usual,
Then the profile slope equation(s) for the wind in axial direction near the cylinder wall(s)
as a function of the respective wall distance in wall units reads
The first factor in the denominator is the factor r from the lhs of eq. (17) 
If it were possible to measure the slopes of the viscous, linear sublayers, one would be able to immediately determine the viscous length scales and therefore also the velocity fluctuation
(ii) In general, we can decompose the fraction in eq. (20) into partial fractions and find the profile as a sum of two log-terms,
Also here K T means K (iii) If one of the relations either for the inner or for the outer cylinder is valid, r
e., for tiny inner or outer cylinder radius r i,o , the profile slope is dU
and for large ρ + 1 there is no log-profile in this special case but instead
This case is obviously more a mathematical pecularity, rather than being physically relevant.
(iv) The main difference between the wind profile in curved TC flow and that of plane plate flow (e.g. in RB) is the factor of r in the profile equation (17) For the outer cylinder the corresponding slope modification factor is 1.14. As expected the curvature effects are always smaller at the outer than at the inner cylinder. -The profile equation thus describes a log-layer slope modified by a slightly decreasing (or an increasingly smaller) slope.
The slope decrease will be the stronger the smaller the radius ratio η is. In order to have d/(2r i ) = 1 (or even 5) one needs to consider η = 1/3 = 0.333 (or even η = 1/11 = 0.091).
The smaller η, the better the curvature effects at the inner cylinder are visible. In contrast,
for η → 1, plane channel flow, there is no slope decrease anymore; there is then the pure log-law of the wall for the wind profile.
We close this section on the wind profile by estimating the fluctuation amplitude(s) u * (z,i),(z,o) and thus the viscous scales. To be specific we again consider the T 3 C facility [14] . 
B is the logarithmic intercept of the common log-law of the wall u + = 4. From that we obtain the respective viscous length scales δ *
Knowing all this we can determine also r This is roughly 5% of Re i . Since Re w is significantly smaller than the inner cylinder Reynolds number Re i , one needs much larger T a to realize the Reynolds numbers in column 2 of table I. Also there is a significant difference between the RB-wind and the TC-wind: While in RB the wind is the only coherent fluid motion available in the (otherwise resting) system, in TC there is an intrinsic stimulus for fluid motion due to the inner cylinder rotation (or in general the difference in the rotation frequencies of the two cylinders). Thus there are two different velocities available, the wind U w and the inner cylinder velocity U i . To improve insight, Table III in the appendix provides detailed numbers for the fluctuation amplitude due to the wind U w instead of the inner cylinder velocity U i .
In any case, presently no experimental data on the wind velocity profiles are available for TC flow. So we do not know whether the predicted log-profile with curvature corrections (22) exists and, if so, how far it will extend towards the gap center. To detect the curvature corrections experimentally, a far extension towards the center will be crucial (as otherwise the correction factor will be too close to 1), and, as discussed above, obviously a small value of η -strong geometric NOBness -will help to. In the next section we will discuss these issues in much more detail for the angular velocity profile, for which experimental data exist.
IV. THE ANGULAR VELOCITY PROFILE
In TC flow, as has been explained, the mean angular velocity profile Ω(r) -and not the azimuthal velocity U ϕ (r) -corresponds to the temperature profile in RB thermal convection.
This conclusion, as has been detailed in section II, is based on the comparison of the respective expressions for the transport currents, which one can derive from the Navier-Stokes and Boussinesq equations. To calculate the Ω-profile in TC flow we start from the equation of motion (4) for the azimuthal velocity u ϕ ( x, t). Again we decompose the equation into the long(er)-time mean and the fluctuations, u ϕ = U ϕ + u ϕ = rΩ(r) + u ϕ . Again we have
Reorganize the nonlinear lhs:
r 2 ∂ r (r 2 u r u ϕ t ). Then reorganize the rhs:
). Thus time averaging leads to r 2 u r u ϕ t −νr 3 ∂ r Uϕ r = constant. A very similar expression is well-known from the derivation of the angular velocity current, see EGL [22] . Apparently it is Uϕ r , i. e. Ω(r), the angular velocity, which is relevant, since it is ∂ r Ω and not ∂ r U ϕ which determines the current as well as the profile(s) near the wall(s), as just derived.
Also the nonlinear term can be expressed in terms of ω , by separating a factor of r from u ϕ . For the corresponding Reynolds stress we suggest the ansatz u r ω t = −κ turb (r)∂ r Ω(r).
The turbulent transport coefficient κ turb (r) has dimension 2 /t; we call it the turbulent ω-diffusivity (in analogy to the turbulent temperature diffusivity). Having thus modeled the ω-Reynolds stress, the Ω profile satisfies the equation
(The Reynolds stress u ω t does not contribute at the cylinder walls r i,o .) This results in the profile equation
If J ω is positive, i. e., transport from the inner to the outer cylinder, the Ω-profile decreases with r, as it should be.
We now have to model the turbulent ω-diffusivity κ turb (r). It seems reasonable to again the former is that the Navier-Stokes equations couple all velocity components so strongly that they all fluctuate with the same amplitude. Another one in the same direction is that both σ rz and σ rϕ express the (kinetic) shear along the cylinder wall, one in axial (streamwise), the other one in azimuthal (lateral) direction.
Thus there are two possible expressions for the turbulent ω-diffusivity: κ turb ∝ ρ · u * z or κ turb ∝ ρ·u * . Until sufficiently clarified we use the latter one, being aware that the remaining constants just differ by the factor of u * z /u * , possibly depending on the Taylor number T a. We shall find, see Table II Our ansatz for the turbulent ω-diffusivity thus is
The Introduce now as usual the viscous length scale
The wall distance and the inner cylinder radius in ω-wall units are
As a normalized angular velocity which increases with distance from the wall we definẽ
distance ρ + . In contrast to ω + it is normalized with the inner cylinder rotation frequency
where the distance from the wall now has been expressed in terms of
Here the dimensionless constant F i , the slope factor of the profile equation, is defined as
Up to geometric features (η and r 
Here we have introduced the fluctuation scale ω * i of the angular velocity by
It is the very ratio of the angular velocity fluctuation amplitude ω * i and the inner cylinder rotation rate ω i which measures the size F i of theΩ-profile slope. Next, F i can be incorporated in the normalization of the profile, giving the profile in the usual wall units,
as already anticipated in equation (2). ω + (ρ + ) satisfies the profile equation in wall units,
Expressed in terms of x = ρ + /r + i = ρ/r i this equation reads
The analogous formulae hold for the outer cylinder. The advantage of this latter representation (38) in terms of x rather than in terms of ρ + is that -apart from the very small correction 1/r + i -the profile (38) is universal, i.e., valid for all T a. Such universal measure
x for the wall distance (cf. eq. (32)) can be introduced in TC in contrast to the plate flow case -as r i (or r o ) serve as a natural length unit, presenting the curvature radii of the walls.
We now discuss the obtained results on the slope of the angular velocity: (ii) In case of rotation ratio µ = 1, i.e., ω o = ω i , the slope is 
, modulated by a reduction factor, which here is 1/r 3 instead of only 1/r as in the case of the wind profile. Therefore for fixed wall distance the curvature effects are much stronger and are much better visible in the angular velocity profile, as compared to the wind velocity profile. The physical reason for this significantly stronger reduction ∝ 1/r 3 of the profile slope of the azimuthal velocity than for the axial velocity with ∝ 1/r is that the azimuthal motion has to follow the curved, circular cylinder surface, while the axial motion is along the straight axis of the cylinder. The slope reduction is the stronger, the larger the gap or the smaller η, reflecting the stronger curvature effect. Also, for TC-devices with the same gap width d, the reduction is the larger the smaller the inner cylinder radius is.
To analytically calculate the angular velocity profile in detail, one has to integrate the profile equation (38). This can be done analytically by employing decomposition into partial fractions. We will do so using the fact that in general 1/r
the partial fraction decomposition of the rhs of eq. (38) reads (apart from the factor 1/K L )
The coefficients can be calculated by multiplying with the denominator on the lhs, leading
The four coefficients can all be calculated by comparing the respective x-powers. The result is A = 1, B i = −1 for all i = 1, 2, 3. They of course do not depend on any system parameter.
We now integrate equation (38) for the slope of the angular velocity with the decomposition (39) term by term and get
The last term B is part of the usual additive shift in the log-regime and is determined from experiment. However, also the 2nd and 3rd term contain such an additive shift, namely 1.5/K L , which we absorb in B (which then we call B) to finally obtain the main result of this paper, namely the universal (i.e., T a-independent) angular velocity profile
The angular velocity profile thus is a log-profile with downward corrections; it is plotted in figure 2 in various representations. For very small x the first log-term will dominate. This slowly increasing log-term will -with increasing x -be turned downwards, representing the downward trend of the profile. In the limit r From eq. (2) we can now also calculate the universal (i.e., T a-independent) azimuthal velocity profile,
which is also shown in figure 2 in various representations. This relation between u + and ω + has already been given in another form in eq. (2). Due to the extra factor 1 + x in front of ω + and due to the additive term, not both profiles, ω + (x) and u + (x), can be log-laws. Since within our framework ω + (x) is a log-law, see eq. (42), thus u + (x) cannot be. For smaller gaps (η not too far from 1) this will not be visible because of the experimental scatter and finite precision, but for larger gap (thus smaller η), the azimuthal velocity profile u + (x) will clearly deviate from the log-law of the wall.
The difference between the ω + -profile and the u + profile can nicely be seen from figures fig. 2d ) much longer than that one for u + , before the curvature corrections for large x set in and bend down the ω + (x) curve -for the u + -curve the deviations from the log-law set in earlier and are stronger.
V. COMPARISON WITH EXPERIMENTAL DATA
To further quantitatively illustrate the results in a better way, we use the geometrical parameters of the T 3 C facility [14] , which has η = 0.7158. The curvature correction factor
for the angular velocity slope (eq. (37)) is shown in figure 3a for two different T a of the experiments of ref. [13] . At the end of the log-range (assumed to be at d/100) we find an angular velocity slope decrease by a factor of 0.9882, which would clearly be hard to visualize. For small gap samples, say with η = 0.9, the correction factor will be even closer to one. In contrast, if η = 0.5, which numerically is available with DNS, at the end of the log range (again assumed to be d/100) the log-slope is reduced by a factor of 0.9706, which may become visible. For larger wall distances ρ d/100 the correction factor A gets visibly smaller than 1. However, for these distances it was found experimentally that one is already far away from a log-range, see figure 1. In figure 3b we apply the correction factor to the angular velocity slope (38), which is universal (i.e., independent of T a) for large wall distances. We see that for small wall distances the correction factor indeed brings the compensated profile closer to the log-profile (i.e., a horizontal line in this plot), but that this curvature effect is very small. The correction factor only becomes substantial close to the outer scale ρ ∼ d/2 where the log-regime clearly has already ceased.
In figure 2 , in addition to the universal theoretical profiles for ω + (x) and u + (x), we also include the experimentally measured [13] profiles for the largest available Taylor number T a = 6.2 · 10 12 . We see that the experimental curves qualitatively follow the same trend as the theoretical ones. In particular, the ω + (x) profiles are closer to the log-profiles as the u + (x) profiles, and both show increasing deviations from the log-profiles for increasing
x. However, there are pronounced quantitative differences between theory and experiment:
First of all, for very large x ∼ 0.1 the experimental profiles bend up again. This is to be expected as then one is already very close to the gap center and the effect of the opposite side of the gap becomes relevant -one is then simply far away from the boundary layers.
But second, and more seriously, already at x ∼ 4 · 10 −3 , corresponding to a wall distance of d/100, the quantitative deviations between theory and experiment become very visible.
What are the reasons for the quantitative descrepancies between theory and experiments?
The theory has made certain assumptions like the existence of a turbulent ω-diffusivity and its functional dependence (27) on the wall distance. We consider this as a relative innocent assumption. More seriously is the fact that the theory does not take full notice of the Taylor roll-structure of the flow and the resulting flow inhomogeneity in vertical (z-)direction. From the numerical simulations of Ostilla et al. [24] we know however that the boundary layer profiles pronouncedly depend on the vertical direction, at least up to Clearly, it would be of utmost importance to measure the height dependence of the angular velocity and azimuthal velocity profiles, in order to quantify it and to see whether the relatively poor quantitative agreement between theory and experiment is better at other heights. Also numerical simulations to further explore the height dependence of the profiles would be useful, similar to what had already been done in ref. [24] , but now for both ω + (x)-and u + (x)-profiles and also profiles of the vertical (i.e., wind) velocity, for even larger T a, for smaller η, and finally for different values of co-and counter-rotation, i.e., different µ, but of course all in the turbulent regime. Work in this direction is on its way.
Finally, we estimate the wall parameters, the amplitude u * of the azimuthal velocity fluctuations, and the slope parameter F i , all based on experimental data. In the experiment [13] the outer cylinder was kept at rest, ω o = Re o = 0. Then (at the inner cylinder) 
This allows us to determine all physical parameters of interest. They are compiled in table II. Table I .
VI. CONCLUDING REMARKS
In summary, we have derived a Navier-Stokes-based theory for the velocity and angular velocity profiles in turbulent TC flow, following the same approach as that one of ref. [11] for RB flow, but in cylinder geometry appropriate for TC flow, taking proper care of the wall curvature(s). The main findings are
• that the angular velocity profile follows an universal log-law (eq. (42), reflecting the curvature corrections),
• that the universal azimuthal velocity profile eq. (43) correspondingly cannot follow a log-law,
• and that also the axial velocity profile follows an universal log-law eq. (22), but with weaker curvature corresions, due to the less pronounced effect of the curvature in the flow direction.
Though the experimentally measured angular velocity and azimuthal velocity profiles at fixed mid-height qualitatively follow above trends, the quantitative agreement is not particularly good as the measured deviations from the log-law are much stronger. This could be due to the roll structure of the flow, leading to height dependences of the flow profiles, which are not considered in the theory. We finally suggest various further experimental and numerical measurements to further validate for falsify the presented theory. [2] D. Lohse and K.-Q. Xia, Small-scale properties of turbulent Rayleigh-Bénard convection, Ann.
